We have derived a long series expansion for the perimeter generating function of a model of punctured staircase polygons in which the internal staircase polygon is rotated by a 90 angle with respect to the outer staircase polygon. We find that all the terms in the generating function can be reproduced from a linear Fuchsian differential equation of order 4. We then solve this ODE and find a closed form expression for the generating function. This is a highly unusual and most fortuitous result since ODEs of such high order very rarely permit a closed form solution.
Introduction
Exactly solved models are special, important and relatively rare in physics. In many cases real life phenomena are modelled by simplified solvable models, which despite the simplifications can give us great insight into the behaviour of the more complicated fully-fledged problem. A well-known long standing problem in statistical mechanics is to find the perimeter generating function for self-avoiding polygons on a two-dimensional lattice. Several simplifications of this problem are solvable [1] , but all the simpler models impose an effective directedness or other constraint that reduces the problem, in essence, to a one-dimensional problem. A very important and interesting insight gained from these simple models (staircase polygons in particular) is the conjecture for the limit distribution of area moments and scaling function for self-avoiding polygons [2, 3, 4] .
Here we report on the discovery of the exact perimeter generating function for a model of punctured staircase polygons. We started by counting (by perimeter) the exact number of punctured polygons. Using this series we found that all the terms in the generating function can be reproduced from a linear Fuchsian differential equation of order 4. We then solved the ODE and found a closed form expression for the generating function. This is a highly unusual and most fortuitous result since ODEs of such high order very rarely permit a closed form solution.
A staircase polygon can be viewed as the intersection of two directed walks starting at the origin, moving only to the right or up and terminating once the walks join at a vertex. The perimeter length of a staircase polygon is even. Let us denote by c n the number of staircase polygons of perimeter 2n. It is well known that c n+1 = C n = 1 n+1 2n n are given by the Catalan numbers C n and that the associated half-perimeter generating function is
where the connective constant µ = 4 and the critical exponent α = 3/2. From this it readily follows that c n grows asymptotically as c n ∼ A S µ n n α−3 , where the critical amplitude
. Punctured staircase polygons [5] are staircase polygons with internal holes which are also staircase polygons (the polygons are mutually-as well as self-avoiding). In a recent paper [6] we studied the problem of staircase polygons with a single hole and found that the perimeter generating function can be expressed as the solution of an 8th order linear ODE. Here we will study the case with a single hole but where the internal polygon is rotated by 90 with respect to the main axis. So the internal staircase polygon is the intersection of two walks starting at a vertex (the top left-most vertex of the internal polygon) and taking steps only to the right and down. We will refer to these objects as rotated punctured staircase polygons. In figure 1 we have shown an example of each of the two types of punctured polygons. The perimeter length of a punctured polygon is the sum of the outer perimeter and the perimeter of the hole. We denote by p n the number of punctured staircase polygons of perimeter 2n and by r n the number of rotated punctured staircase polygons of perimeter 2n. The associated generating functions are P(x) = p n x n and P Rot (x) = r n x n , respectively. It is intuitively clear that since staircase polygons are elongated along the diagonal of growth there are many more restrictions on the placement of the rotated polygon and hence we expect r n ≤ p n . In [5] it was proved that the connective constant µ of k-punctured polygons (polygons with k holes) is the same as the connective constant of unpunctured polygons. Numerical evidence clearly indicated that the critical exponent α increased by 3/2 per puncture (this was proved for a single puncture and conjectured in the general case). In recent work Richard, Jensen and Guttmann [7, Theorem 2] proved the exponent formula for a finite number of punctures and proved an exact formula for the leading amplitude of punctured staircase polygons. It it worth noting that the proofs in these papers never considered restrictions on the placement of the internal polygon, that is, the hole could be placed in any way one pleases. The results therefore carry over unaltered to the problem of rotated punctured staircase polygons. Interestingly, this means that the leading asymptotic form of r n and p n is exactly the same, any differences arising only from the sub-dominant correction terms. In particular the dominant singular behaviour of P(x) and P Rot (x) is a simple root at x = x c = 1/4 and thus p n ∼ A P 4 n and r n ∼ A R 4 n , where we expect that
The rest of the paper is organised as follows. In section 2 we briefly describe the algorithm used to count the number of punctured polygons. Section 3 describes how we found the underlying ODE and gives a brief review of its critical properties. Then, in section 4, we give the closed form solution for the generating function. Finally, in Section 5 we briefly discuss our findings.
Computer enumeration
The number of rotated punctured staircase polygons was counted using a generic algorithm designed to count punctured convex polygons (the algorithm will be described in a forthcoming paper). A polygon is convex if the perimeter is equal to that of its minimal bounding rectangle (the smallest rectangle into which one can fit the polygon). A staircase polygon is a restricted convex polygon and is produced by demanding that two diagonally opposite corners of the minimal bounding rectangle are part of the convex polygon. A standard punctured staircase polygon is then produced by demanding that the outer and inner polygons must include, say, the lower left and upper right corners of their respective minimal bounding rectangles. For rotated punctured staircase polygons the inner polygon must include the upper left and lower right corners as illustrated in figure 1 .
Using this algorithm we calculated r n up to half-perimeter n = 125. Since the smallest punctured polygon has n = 8 this gives us a 118 non-zero terms. In Table 1 we have listed the first few values of r n . For comparison we mention that the first discrepancy with p n is p 12 = 3463 and that p 40 = 2673735628614876718901.
The Fuchsian differential equation
Recently Zenine et al [8, 9, 10] obtained linear ODEs whose solutions give the 3-and 4-particle contributions χ (3) and χ (4) to the Ising model susceptibility. In [6, 11] we used their method to find linear ODEs for the perimeter generating functions of punctured staircase polygons and three-choice polygons. Here we report on work resulting in a linear ODE, which has as a solution the generating function P Rot (x) for rotated punctured staircase polygons. We briefly outline the method here. Starting from a (long) series expansion for a function G(x) we look for a linear differential equation of order m of the form
such that G(x) is a solution to this homogeneous linear differential equation, where the P k (x) are polynomials. In order to make it as simple as possible we start by searching for a Fuchsian [12] equation. Such equations have only regular singular points.
Computationally the Fuchsian assumption simplifies the search for a solution. From the general theory of Fuchsian [12] equations it follows that the degree of P k (x) is at most n − m + k where n is the degree of P m (x). To simplify matters further (reduce the order of the unknown polynomials) it is advantageous to explicitly assume that the origin and x = x c = 1/4 are regular singular points and to set P k ( 4x) . Thus when searching for a solution of Fuchsian type there are only two parameters, namely the order m of the differential equation and the degree q m of the polynomial Q m (x). Since the degree of the imposed factor S(x) is 2 the restriction on the degree of P k (x) means that the degree of Q k (x) is at most q m +m−k. The number of unknown coefficients is thus L = m j=0 (q m +j +1)−1 = (m+1)q m +(m+2)(m+1)/2−1, where we get one less unknown by demanding that the leading coefficient in Q m (x) is 1.
We then search systematically for solutions by varying m and q m . In this way we found a solution with m = 4 and q m = 4, which required the determination of only L = 34 unknown coefficients. We have 118 non-zero terms in the half-perimeter series and thus have 84 additional terms with which to check the correctness of our solution. This should be contrasted with punctured staircase polygons [6] where we first found a solution with m = 10 and q m = 11, which required the determination of L = 186 unknown coefficients. The lowest order ODE we found had order m = 8 with q m = 27, which requires the determination of 287 unknown coefficients. So clearly the restrictions imposed by the rotation of the internal polygon results in a much simpler problem (a priori there was obviously no reason to believe this would be the case).
The (half)-perimeter generating function P Rot (x) for rotated punctured staircase polygons is a solution to the linear differential equation of order 4
The singular points of the differential equation are given by the roots of P 4 (x). One can easily check that all the singularities (including x = ∞) are regular singular points so equation (3) is indeed of the Fuchsian type. It is thus possible using the method of Frobenius to obtain from the indicial equation the critical exponents at the singular points. These are listed in Table 2 . Table 2 . Critical exponents for the regular singular points of the Fuchsian differential equation satisfied by P Rot (x).
Singularity Exponents
We shall now consider the local solutions to the differential equation around each singularity. Recall that in general it is known [13, 12] that if the indicial equation yields k critical exponents which differ by an integer, then the local solutions may contain logarithmic terms up to log k−1 . However, we have found in the analysis of previous problems that for the Fuchsian equations of the type (3) only multiple roots of the indicial equation give rise to logarithmic terms in the local solution around a given singularity, so that a root of multiplicity k gives rise to logarithmic terms up to log k−1 . In particular this means that near any of the 3 roots of Q 4 (x) = −252+300 x+2365 x 2 +1800 x 3 , the local solutions have no logarithmic terms and the solutions are thus analytic since all the exponents are positive integers. The roots of Q 4 (x) are thus apparent singularities [12, 13] of the Fuchsian equation (3). This will become completely self-evident in the next section where we present a closed form solution of P Rot (x). So the points of interest are the physical critical point x = x c = 1/4, where the dominant singularity is a simple pole, modified by 3 correction terms with exponents that increase in steps of 1/4. At the non-physical critical point x = −3/4 the function has a simple square root singularity.
The solution to the ODE
Given an ODE it is often useful to look for simple solutions. In this case we first looked for solutions of the form P (x)/(1 − 4x) γ , where P (x) is a polynomial and γ = 1, 3/4, 1/2 or 1/4. In this fashion we discovered the solutions F 1 (x) and F 2 (x) listed below. This gave us great hope that we could find a solution to the full problem since the two simple solutions can be used to write the ODE as a product of three differential operators of order 2, 1 and 1, respectively. As it turned out the dsolve package in Maple was up to the task and readily found four solutions, including F 1 (x) and F 2 (x). The remaining two solutions as supplied by dsolve were quite complicated expressions, but with a bit of work we managed to simplify (largely by hand) to the expressions F 3 (x) and F 4 (x) given below.
The four linearly independent solutions to the ODE are:
and the generating function is simply
Obviously, P Rot (x) is dominated asymptotically by − 1 4 F 1 (x), so the leading amplitude
, which is exactly the same as the leading amplitude of punctured staircase polygons and equal to the proved formula [7] .
Discussion
Using series expansions for rotated punctured staircase polygons we found that the half-perimeter generating function P Rot (x) satisfies a fourth order Fuchsian ODE. We then solved this ODE and found a closed form solution for P Rot (x). The solution is dominated by a function −F 1 (x)/4 with a simple root at x = x c = 1/4. There are three sub-dominant correction terms −F 3 (x)/4 which has critical exponent −3/4, F 2 (x)/4 with exponent −1/2 and F 4 (x)/4 with exponent −1/4. In addition there is a square root singularity at x = −3/4. This should be compared to our analysis [6] of the ODE satisfied by the generating function P(x) for punctured staircase polygons, which showed that near the physical critical point x = x c = 1/4
where A(x), B(x) and C(x) are analytic in a neighbourhood of x c . In addition P(x) has a singularity on the negative x-axis, at x = x − = −1/4 with the singular behaviour
where again D(x) is analytic near x − . Finally, the ODE also had a pair of singularities at x = ±i/2 and at the roots of 1 + x + 7x 2 (see [6] for further details), but since these singularities lie in the complex plane outside the physical disc |x| ≤ x c their contributions are exponentially suppressed asymptotically. We argued in the Introduction and demonstrated in section 4 that p n and r n have exactly the same asymptotic form to leading order. Any differences between the two problems only appear in the sub-dominant correction terms. The dominant correction term for P(x) is ∝ log(1 − 4x)/ √ 1 − 4x, which is weaker than the the first correction term −F 3 (x)/4 ∝ (1 − 4x) −3/4 for P Rot (x). The amplitudes of both these correction terms are negative, namely, −3 √ 3/(32π 3/2 ) and − 1 4 (1 − 4x) 3/4 F 3 (x) x=xc /Γ(3/4) = −1/ 16 √ 2Γ(3/4) , respectively. So this bears out our intuition that r n ≤ p n , since the placement of a rotated inner staircase polygon faces more restrictions than the placement of aligned inner and outer staircase polygons. These differences indicate that combinatorial arguments for a proof of sub-dominant behaviour must be quite subtle!
E-mail or WWW retrieval of series
The series for the generating function studied in this paper can be obtained via e-mail by sending a request to I.Jensen@ms.unimelb.edu.au or via the world wide web on the URL http://www.ms.unimelb.edu.au/∼iwan/ by following the instructions.
